In the context of Loop Quantum Gravity (LQG), we study the fate of Thiemann complexifier in homogeneous and isotropic FRW cosmology. The complexifier is the dilatation operator acting on the canonical phase space for gravity and generates the canonical transformations shifting the Barbero-Immirzi parameter. We focus on the closed algebra consisting in the complexifier, the 3d volume and the Hamiltonian constraint, which we call the CVH algebra. In standard cosmology, for gravity coupled to a scalar field, the CVH algebra is identified as a su(1, 1) Lie algebra, with the Hamiltonian as a null generator, the complexifier as a boost and the su(1, 1) Casimir given by the matter density. The loop gravity cosmology approach introduces a regularization length scale λ and regularizes the gravitational Hamiltonian in terms of SU (2) holonomies. We show that this regularization is compatible with the CVH algebra, if we suitably regularize the complexifier and inverse volume factor. The regularized complexifier generates a generalized version of the Barbero's canonical transformation which reduces to the classical one when λ → 0. This structure allows for the exact integration of the actions of the Hamiltonian constraints and the complexifier. This straightforwardly extends to the quantum level: the cosmological evolution is described in terms of SU(1, 1) coherent states and the regularized complexifier generates unitary transformations. The Barbero-Immirzi parameter is to be distinguished from the regularization scale λ, it can be rescaled unitarily and the Immirzi ambiguity ultimately disappears from the physical predictions of the theory. Finally, we show that the complexifier becomes the effective Hamiltonian when deparametrizing the dynamics using the scalar field as a clock, thus underlining the deep relation between cosmological evolution and scale transformations.
Loop Quantum Gravity (LQG) proposes a background independent framework to quantize general relativity, with a kinematical Hilbert space of quantum states of geometry [1, 2] and dynamics defined by spinfoam amplitudes. Its starting point is the Ashtekar-Barbero reformulation of General Relativity (GR) as a SU(2) gauge theory, where the gravitational degrees of freedom are encoded in a canonical pair of conjugate fields, a su(2)-connection A γ and the triad E. These are derived by a canonical transformation of the standard canonical pair of the first order formulation of GR given by the extrinsic curvature K and the triad E. Indeed the Ashtekar-Barbero connection is defined as A γ = Γ[E] + γK, where Γ[E] stands for the Levi-Civita connection (or rotational spin connection) and γ is the Barbero-Immizi (BI) parameter. The generator of this canonical transformation is called the Thiemann complexifier [3] and the BI parameter γ is a priori free to take any complex value [4] . The LQG program then proceeds to the quantization of these phase space in terms of wave-functions of the Ashtekar-Barbero connection A γ , with the triad field quantized as a differential operator.
Trying to find a consistent and clear interpretation of the Barbero-Immizi (BI) parameter in LQG has been challenging. Its status as a new fundamental constant still remains unclear and its puzzling role in the dynamics of quantum geometry has generated a debate concerning its interpretation which is still open. The BI parameter was initially set to a purely imaginary value, γ = ±i, defining the Ashtekar connection as the (anti-)self-dual Lorentz connection. This nevertheless leads to reality conditions, which we still do not known how to implement at the quantum level. It then appeared that taking real values for the BI parameter, γ ∈ R, allows to develop quantum theory without reality conditions but at the price of foliation-independence. Indeed, contrary to the selfdual connection, a real su(2)-connection A γ is not anymore a true space-time connection 1 [5] . This is the standard choice for defining loop quantum gravity.
Pinning down one specific role for the Barbero-Immirzi parameter is impossible. Generated by a canonical transformation, it appears as a coupling constant in the Holst action [21] . It can be interpreted as the θ-ambiguity of QCD [22, 23] . It controls the coupling of fermions to the gravitational background [24] [25] [26] and more generally the quantum fluctuations of the torsion field [27] . On the one hand, it sets the value of the area and volume minimal eigenvalues: these area and volume gaps define the fundamental scale of the quantum geometry. This is reinforced by its role of a (extrinsic) curvature cut-off which appears to regularize the theory [28] . On the other hand, as a coupling constant, we naturally expect it to run with the renormalisation group flow [29] . It enters explicitly the spinfoam path integral amplitudes (through the simplicity constraints) [17] while it has been argued to drop out of the symplectic structure after a careful analysis of the LQG discretization scheme [30] . Finally, most predictions from LQG or effective loop gravity models are all γ-dependent, best illustrated by the maximal density of the bouncing universe in Loop Quantum Cosmology (LQC) [31] [32] [33] or the entropy of isolated horizon [34] and the resulting black hole thermodynamics [35] .
The many faces of the BI parameter suggests two scenarios. Either γ plays the technical role of a regulator in the quantization process and disappear from the physical predictions at the end of the day. Or γ is a fundamental new constant signaling an anomaly, or physically-meaningful deformation, of the quantum algebra of constraints. In the path to resolving this dilemma, some 1 The choice of gauge fixing, breaking the local Lorentz invariance under SL(2, C) down to its SU(2) subgroup, is very well understood [6] . There has been extensive work on the definition of SL(2, C) connections and their relation to the Ashtekar-Barbero connections [7, 8] as well as investigation on how to embed them back in an explicitly covariant setting [9] [10] [11] [12] [13] [14] [15] [16] . This interplay between SU(2)-invariant quantum states and SL(2, C)-invariant space-time structures is actually at the heart of the construction of the EPRL spinfoam path integral for the LQG dynamics [17] [18] [19] . Note also that, recently, a new formulation of GR based on time-like hypersurfaces, and using SU (1, 1) as gauge group, has been developed [20] , underlining the independence between the Immirzi ambiguity and the initial choice of gauge fixing.
concrete questions are to be addressed:
• Are we restricted to real values γ ∈ R or should we allow for arbitrary complex values γ ∈ C?
In particular, should we wick-rotate the theory back to the self-dual case γ = ±i as proposed in [36] [37] [38] .
• Is the Barbero canonical transformation to be implemented in a non-unitary way as in the standard LQG formulation [39] or should we look for a unitary representation?
• Since γ fixes the fundamental gap of the geometric observables, it is hard to envision how it could be renormalized. But should the dynamics relax this situation (see e.g. the discussion in [40, 41] ) and let the Immirzi parameter γ run with the renormalization group and possibly get washed out ?
The highly symmetry-reduced context of cosmology provides a perfect arena to analyze in detail the role(s) of γ. So the goal of this paper is to study the relevance of the BI parameter and test its various meanings in the simplified context of Loop Quantum Cosmology (LQC). Actually, the path from LQG to LQC is not straight. Despite recent progress [42] [43] [44] [45] [46] , LQC has not yet been defined as a cosmological sector of the full quantum theory in LQG. It is constructed as a LQGinspired polymer quantization of the symmetry-reduced classical phase space, combined with a coarse-graining argument (to motivate theμ-scheme over the initial µ 0 -scheme). In this context, the BI parameter γ appears in various effective parameters in LQC, the volume gap, the matter density at bounce, and so on. Although these effective parameters all descend from the unique fundamental BI parameter, the LQC phenomenology can vary them and adjust them independently due the flexibility of the derivation of LQC from LQG. Here we propose to investigate precisely the canonical transformations generating the BU parameter, by properly defining the Thiemann complexifier and analyzing its flow on the cosmological phase space.
Our starting point is the CVH algebra of canonical general relativity, formed by the complexifier C, the 3d volume v and the Hamiltonian constraint H, as identified by Thiemann [3, 47] (see details in appendix A). We consider it as a fundamental algebra underlying loop quantum gravity. It intertwines the scale transformation generated by the complexifier C and the dynamics generated by the Hamiltonian constraint H. Our goal is to implement this algebra in LQC. In particular, we will show that, subtly adjusting the LQC-regularization, the CVH algebra remains closed and forms a su(1, 1) algebra. First, this allows to exponentiate exactly the flow of both the Hamiltonian constraint and of the complexifier on the cosmological phase space. Then, it allows for a group theoretic quantization, along the lines sketched in [48] , in terms of SU(1, 1) coherent states, where the regularized complexifier implements shifts in the BI parameter as unitary transformations in the quantum theory.
We believe that it is crucial to respect as much as possible the algebraic structure of observables during the quantization. From this perspective, it seems essential to keep a closed CVH algebra at the quantum level, especially since the Hamiltonian constraint and the complexifier are fundamental bricks of the LQG framework. Breaking this algebra would probably signal deeper quantization anomalies. In the present finite-dimensional setting of homogeneous cosmology, there is absolutely no reason to break this SU(1, 1) algebra at the quantum level. In the more general setting of full LQG (or midi-superspace LQG models with inhomogeneities), the fate of the CVH algebra is likely related to the possibility of conformal anomalies.
The paper is organized as follows. The first section starts with a review of the Hamiltonian analysis of the classical FRW cosmology for gravity coupled to a massless scalar field. We define the Thiemann complexifier and exponentiate it to rescaling transformations. We show the CVH algebra forms a closed su(1, 1) Lie algebra and we compute its Casimir in terms of the matter density. The second section introduces the regularization scheme of loop quantum cosmology, introducing a fundamental volume scale λ. Applying the LQC regularization scheme to the complexifier, we show that it generates canonical transformations that rescale the Hamiltonian constraint without modifying the volume regularization scale. It is rather surprising to get such a simple definition of a dilatation operator compatible with the scale truncation of the phase space. Further similarly regularizing the volume, the CVH algebra still closes and we compute the su(1, 1) Casimir in terms of the matter density and volume scale λ. This leads us to a corrected ansatz for the effective classical Hamiltonian for LQC.
The third section shows how to exponentiate the Hamiltonian constraint and solve the dynamics exploiting the SU(1, 1) group structure. The Hamiltonian constraint is identified as a null generator while the complexifier is a pure boost. We derive the corrected Friedman equations corresponding to our fully regularized ansatz. Furthermore we show that the complexifier generically becomes the deparametrized Hamiltonian when deparameterizing the theory in terms of the scalar field time. This hints towards a deeper relation between the evolution for (quantum) gravity and scale transformations.
The fourth section is devoted to the quantization. The phase space is quantized in terms of SU(1, 1) representations and the complexifier operatorĈ generates unitary transformations W . An important feature is that the volume gap is now independent from the Barbero-Immirzi parameter. Shifting the BI parameter is more subtle than a straightforward rescaling of the geometric observables: the initial volume operatorv and its Immirzi-rescaled versionv = WvW −1 do not commute and thus do not share the same eigenvectors basis. This situation is similar to the area operator and boosted area operator not commuting with each other in LQG [49] . It allows to implement Immirzi boosts unitarily without changing Hilbert space and begs the question of how the CVH algebra extends to full LQG and spin network states.
I. THE CLASSICAL SETTING: STANDARD FRW COSMOLOGY
We place ourselves in the setting of the flat FLRW cosmological model (k = 0), that is we restrict general relativity to a spatially flat, homogenous and isotropic spacetime. We consider the corresponding symmetry reduced gravitational phase space coupled to a massless scalar field.
A. Classical phase space for homogeneous and isotropic cosmology
We consider gravity coupled to a massless scalar field. Considering homogenous and isotropic fields, the Hamiltonian formulation of the coupled system simplifies drastically. The canonical variables are given by the scalar factor a and its momentum π a , as well as by the scalar field φ and its momentum π φ . This defines the phase space structure, provided with a Hamiltonian constraint corresponding to the Einstein equations applied to this symmetry-reduced setting:
The superscript 0 underlines that we are dealing with the standard FRW cosmology Hamiltonian
and not yet the loop cosmology modified Hamiltonian as we will see in the next section. This phase space can then be written in terms of the homogenous and isotropic Ashtekar-Barbero connection A i a = cδ i a and its conjugated momentum E a i = pδ a i where we have the following relation between the two kind of cosmological variables
Note that since we are working within the flat FLRW framework, the spin-connection vanishes and only the extrinsic curvature term survives in the Ashtekar-Barbero connection. Its expression reduces to A = Γ + γK = γK = c = γȧ. In this specific framework, the Ashtekar-Barbero connection is thus directly proportional to the BI parameter γ. Using the new set of canonical variables (c, p) and (φ, π φ ), the phase space becomes
Finally, we can introduce yet another set of canonical variables, which is most convenient to formulate loop quantum cosmology (LQC). We introduce the 3d volume v and its conjugate momentum b. This new pair of canonical variables (b, v) further simplifies the phase space and absorbs the numerical pre-factors in the Poisson bracket. The change of variable between (c, p) and (b, v) is given by:
Using these new canonical variables, the homogeneous cosmology phase space takes the final following form:
The BI parameter γ appears in the phase space and Hamiltonian constraint only when we use the loop gravity connection-triad variables (c, p). It disappears from the kinematics and dynamics of the theory if we work in the original scale factor variables (a, π a ) or volume variables (v, b). This makes explicit that the BI parameter does not appear in the physical predictions of the theory at the classical level as expected.
B. Cosmological dynamics from CVH algebra: the underlying sl 2 structure
For our purpose, we rescale the Hamiltonian constraint by a 1 3 -factor and distinguish its gravitational component from its matter part:
where the matter field energy-momentum contains an inverse volume factor. Let us first focus on the gravitational part. Following the definitions of the full theory, the Thiemann complexifier can also be introduced as the integral over a space-like region Σ of the trace of the extrinsic curvature K. Its symmetry reduction to flat FLRW geometry leads to
where V 0 is the volume of a fiducial space cell. Considering a unit fiducial volume V 0 = 1, we obtain C = vb. This means that the complexifier is the dilatation in the (b, v) phase space, exactly the same way that it is the dilatation in the (K i a , E a i ) phase space for the full theory.
Further following the structures developed for full loop gravity, the complexifier can also be derived as the Poisson bracket of the volume v with the Hamiltonian constraint:
(1.9)
Reversing the logic, this relation can be actually considered as the definition of the Thiemann complexifier C and it is the point of view that we will take when turning to loop cosmology in section II. Moreover, the three observables C, v and H 0 g actually form a closed Lie algebra:
This is the gravitational CVH algebra in the cosmological setting, translating the CVH algebra of the full theory [3] (see appendix A for more details) to the highly symmetric context of FRW cosmology. We recognizes it as a sl 2 algebra with vanishing Casimir:
We can re-organize the generators to set the algebra in its usual presentation. We define the linear combinations: 13) which leads to the standard form of the su(1, 1) Lie algebra (with correct reality conditions), with a two boost generators and a spatial rotation:
The vanishing Casimir means that the system will be represented at the quantum level by a null representation of SU (1, 1) . A crucial remark is that we can extend this CVH algebra to the full Hamiltonian constraint and take into account the matter field contribution:
This allows to describe the whole system gravity plus matter field at the dynamical level through the same SU(1, 1) structure. We define similarly the su(1, 1) generators, using capital letters to distinguish them from the definitions of the pure gravitation sector:
This shows that the evolution flow generated by the Hamiltonian constraint can be exactly integrated as a Lorentz transformation. What changes compared to the pure gravitation sector is that the matter term affects the value of the Casimir: 17) where π φ is a constant of motion. This means that due to the matter energy term the system will be represented at the quantum level by a space-like representation of SU (1, 1) . This is slightly different from the group quantization framework for loop quantum cosmology introduced in [48] where the deparameterized dynamics of the quantum space-time with respect to the scalar field clock was described in terms of time-like SU(1, 1)-representations.
C. Immirzi transformations and Geometry Rescaling
As in the full theory, we expect the observable C to play the role of the Thiemann complexifier, that is, generate the canonical transformations shifting the value of the BI parameter. First of all, the BI parameter does not appear when using the (v, b) variables, so the the Hamiltonian constraint should be invariant under the flow generated by C. On the other hand, if we switch back to the (c, p) variables, we should see how transformations generated by C modifies the canonical bracket and the Hamiltonian constraint.
Let us start with the (v, b) variables. The complexifier C is simply the dilatation vb and it is direct to exponentiate its action:
Both matter and gravitational parts of the Hamiltonian constraint transform homogeneously under these transformations:
Such rescaling clearly does not affect the constraint H 0 = 0 and the theory is as expected invariant under dual rescaling of the volume v and its conjugate variable b. Let us check how the complexifier works on the Ashtekar-Barbero variables (c, p). The complexifier C also generates a straightforward dilatation of the variables c and p:
η p c →c = e η{C,·} c = e The usual way to proceed in loop gravity is to keep the same triad variable p and change only the connection variable, c toc. This leads to a modified Poisson bracket:
with a rescaled BI parameterγ. This modification of the kinematical phase space structure leads to a similar transformation of the Hamiltonian constraint:
This shows how Thiemann complexifier, given by the dilatation on the volume phase space (b, v), does indeed generate shifts in the BI parameter as claimed.
II. THE IMMIRZI GENERATOR FOR LOOP COSMOLOGY

A. Regularized Hamiltonian for Loop Quantum Cosmology
We would like to start by studying the Thiemann complexifier for loop quantum cosmology and the fate of the BI parameter at the classical level. For this purpose, we consider the effective classical framework for LQC. This can be seen for two dual, but ultimately equivalent perspectives:
• One starts with LQC, as the polymer quantization of classical cosmology obtained from a symmetry-reduction of classical general relativity. This quantization procedure follows the same techniques as used for loop quantum gravity, but LQC can not be directly derived as a symmetry-reduction of LQG at the quantum level. We then compute the effective classical dynamics of peaked wave packets, i.e. coherent states, which shows how quantum gravity effects regularize the curvature observables for general relativity.
• Alternatively, again starting with classical cosmology, one can directly implement the regularization scheme at the classical level and define a deformed classical cosmology theory, which can then be straightforwardly canonically quantized into LQC.
Both ways to proceed lead to loop quantum cosmology. The crucial point is the regularization of the observables entering the Hamiltonian constraint algebra, which relies on replacing the curvature F [A] by the holonomy U [A] around a tiny but finite loop, as in lattice gauge theory. The difference between the two viewpoints is whether this regularization scheme is a consequence of the quantization procedure or a prerequisite that allows for the loop quantization.
So the fundamental idea underlying LQC is to quantize the theory in a different representation than the usual Schrödinger one and instead base the quantum theory on the now-called polymer representation. We do not consider the observable b on the classical phase space but its exponentiated version e iλb . At the quantum level, the operatorb does not exist anymore, only the "holonomy" e iλb is well-defined 2 on the Hilbert space. Only in the limit λ → 0 one recovers the usual classical phase space out of the polymerized version. In practice, this implies regularizing 3 the curvature F [A] ∝ vb 2 using a suitable exponentiated version of b. The standard polymer regularization proceeds to replace the observable b by the simplest function of the "holonomy" e iλb admitting the correct limit when the regularization scale λ is sent to 0:
The polymerized cosmological phase space becomes:
where we have introduced the effective regularized Hamiltonian constraint H. We have already rescaled the Hamiltonian constraint by a 1 3 -factor to fit with our choice of normalization for the standard FRW cosmology case. This standard procedure regularizes only the gravitational Hamiltonian H g and does not a priori affect the matter part H m .
Let us underline that, in this classical effective framework, the Barbero-Immirzi parameter γ does not appear, neither in the phase space nor in the regularized Hamiltonian constraint 4 . What matters is the regularization scale λ and not the BI parameter. If we do not add any input from the full LQG theory and we simply quantize this phase space using the polymer representation, there will be no trace of the BI parameter in the resulting quantum theory. The BI parameter appears in LQC when we think of it as an effective model descending from the fundamental LQG theory. Then, assuming as in standard LQC that the regularization scale λ is related to the kinematical area gap derived in full LQG, the BI parameter γ reenters in the model since it controls the kinematical area gap (and volume gap):
Plugging this relation in the regularized Hamiltonian constraint re-introduces the BI parameter in the theory. Here we will develop an alternative point of view for LQC and keep the distinction between the BI parameter γ and the regularization scale λ. Indeed, we will define below a regularized complexifier, which turns out to generate shift in the BI parameter while keeping the regularization scale λ fixed. We still get a closed CVH algebra. This will lead us to a group quantization of the regularized phase space, where the existence of a volume gap is encoded through the choice of representation. The complexifier then generates unitary transformations in the quantum theory without changing the volume spectrum: the BI parameter (as generated by the complexifier) disappears from the physical predictions while the regularization scale keeps its essential role. This underlines the importance of properly defining what is meant by "BI parameter" and of not confusing its multiple facets, as a parameter labeling canonical transformations on the classical phase space or as a physical parameter determining the fundamental size of the quanta of geometry. This confusion leads in LQG and its related symmetry reduced polymer models to the so called Immirzi ambiguity. This ambiguity takes its origin in the fact that the canonical transformation introduced by Barbero, and generated by the complexifier, is not mapped to a unitary transformation in the quantum theory, as one could expect. Because of this unnatural feature of the current loop quantization, the kinematical and physical predictions of the related quantum models always depend on the BI parameter, which does not play any role in the classical theory.
In the next sections, we will show how the Barbero canonical transformation can be mapped to a unitary transformation in the quantum theory, by extending the regularization scheme of standard LQC with the requirement to preserve the CVH algebra. As we shall see, in this new LQC inspired model, the BI parameter γ and the regularization scale λ are totally disantangle, and the Immirzi ambiguity disappears. While γ is rescaled under the action of the complexifier, the scale λ remains unaffected under the same action. This is one of the main results of our construction, along with a new exactly solvable model for LQC and interesting insights on the role of the complexifier as the generator of the deparametrized dynamic. In future investigation, it will be interesting to see if those new features can be extended to the full loop quantum gravity theory.
B. The gravitational CVH algebra: Immirzi transformations as boosts
Now that we have defined the regularized phase space and Hamiltonian constraint, we investigate the action of the complexifier. One point of special interest to us is the fate of CVH algebra at the effective level, i.e. after having introduce the loop regularization, or, in other words, what are the transformations of the volume and scalar constraint under the action of the complexifier.
Let us start by considering the action of undeformed complexifier C = vb on the Hamiltonian constraint H λ . It rescales the volume v and its conjugate angle b, which can be re-interpreted as a rescaling of the regularization parameter λ:
Assuming that λ is directly proportional to γ, this would be interpreted as a rescaling of the BI parameter, which fits perfectly with the assumed relation (2.3). However, from the point of view of the loop (polymer) quantization, working with the classical expression of the complexifier C = vb is not well defined. Indeed, when going to the quantum theory, the operatorb is ill-defined in the framework of loop quantum cosmology. Only its exponentiated versionê iλb has a well defined action. It seems therefore necessary to also regularize the complexifier C. However, this regularization should not be introduced arbitrarily. In this work, we insist on regularizing the complexifier such that we preserve the structure of the classical CVH algebra. This leads to a new canonical transformation of the regularized phase space (see Section C) which do not change the regularization scale λ, but nevertheless rescale the volume. In the classical limit, ie when λ → 0, our regularized complexifier concides with the classical expression C = vb and give back the standard Immirzi generator. This constitute our new proposal for the implementation of the regularized Barbero canonical transformation in loop quantum cosmology.
Let us now compute our regularized complexifier. The requirement of preserving the CVH algebra structure implies that we should use, at the effective level, the classical definition (1.9) of the complexifier as the Poisson bracket of the gravitational part of the Hamiltonian constraint and the volume. It reads
Since C reduces to the classical generator of the Barbero canonical transformation, ie the classical complexifier, when the regularization scale λ is sent back to 0, it can be legitimately thought as the suitable regularization of the complexifier. Yet it does not generate anymore a canonical transformation on the classical canonical variables (b, v), but on a new set of regularized canonical variables (B, V ) that we introduce in the next section, Eq (2.17-2.19). When λ → 0, the regularized version of the canonical transformation generated by our new complexifier (2.5) on (B, V ) reduces to the one generated by the classical complexifier C = vb on the initial classical canonical variables (v, b) . In this sense, we have obtain a generalized Barbero canonical transformation with the right classical limit. The problem of the Immrizi ambiguity in LQG, as we undertsand it, is that the Barbero canonical transformation is not mapped to a unitary transformation in the quantum theory.
In this work, we will show that the generalized Barbero canonical transformation on the canonical variables (B, V ) can be mapped to a unitary transformation through our quantization procedure.
In this precise sense, we claim that the Immirzi ambiguity is resolved by our quantization procedure based on the CVH algebra.
Computing the two other brackets of the CVH algebra, we obtain a closed system
with a slight correction compared to the classical FRW case. So the sl 2 algebraic structure is preserved by the loop regularization. We introduce the following sl 2 generators
the volume, complexifier and scalar constraint being given by
Since k + = k − , this algebra satisfies the reality conditions of a su(1, 1) Lie algebra. Its Casimir vanishes:
The quantum theory will naturally shift this vanishing Casimir to a positive Casimir, similarly to the ground state energy of the quantum harmonic oscillator. This non-vanishing Casimir at the quantum level corresponds to a volume gap and defines the lowest possible volume state. It is also possible to take into account this volume gap at the classical level and introduce by hand a minimal volume v m in the definition of the su(1, 1) generators. This actually defines the most general su(1, 1) phase space in our framework, as explained in detail in the appendix C. Moreover, we see that the new complexifier C is also regularized, with b turned into a periodic trigonometric function (2λ) −1 sin 2λb. Moreover we can use the SU(1, 1) group structure to integrate the action of the regularized complexifier C as boost transformations. It is straightforward to exponentiate the action of the su(1, 1) generators  = (j z , k x , k y ). The most direct method is to introduce the 2×2 Hermitian matrix:
for which the determinant give the su(1, 1) Casimir. Computing the Poisson bracket of the generators  = (j z , k x , k y ) with this matrix M , which is simply a re-writing of the sl 2 Poisson algebra, we obtain
where the τ a are the Lorentzian Pauli matrices:
In order to recover the su(1, 1) commutation relations (1.14), one set k x = iτ x , k y = iτ y and j z = iτ z . This Poisson bracket can be exponentiated into finite SU(1, 1) transformations :
Another more systematic way to proceed is to use the spinorial parametrization of the phase space as explained in [48] and reviewed in appendix B. This spinorial formalism is especially useful to proceed to the coherent state quantization of the theory. Now, we focus on the flow generated by the complexifier C = k y . The corresponding SU(1, 1) transformation is simply 5 :
Extracting from this formula the transformations for the volume v and the gravitational component of the Hamiltonian constraint, we get:
First, the gravitational Hamiltonian constraint gets simply rescaled, as in the previous case for standard FRW cosmology. However, the regularization scale λ does not get rescaled. Since the complexifier is supposed to generate rescaling of the BI parameter, this means that we should distinguish the regularization scale λ from the BI parameter γ. Second, the volume is not simply rescaled. The action of the regularized complexifier is not a simple rescaling of the (v, b) phase space, as before. Actually, the new volume observable does not commute anymore with the original volume:
This feature will be carried to the quantum level: the complexifier boosts the volume operator and volume eigenstates change under the action of the complexifier. This is reminiscent of the action of Lorentz boost (as generated by the Hamiltonian constraint) in loop quantum gravity on geometrical observables: the boosted area does not commute with the area in the original reference frame [49, 50] . To summarize, we have a regularized complexifier C, which forms a closed Lie algebra under the Poisson bracket with the volume v and the gravitational Hamiltonian H g . Since the loop quantization scheme compactifies in some sense the extrinsic curvature by considering the SU(2) holonomies of the Ashtekar-Barbero connection, it seems fair to also regularize the complexifier C, which is actually the integrated extrinsic curvature. Then this regularized complexifier generates canonical transformations on the cosmological phase space, that do not change the regularization scale λ but still rescales both the volume and the gravitational Hamiltonian. It preserves the su(1, 1) structure and thus allows to develop a group quantization of (the gravitational sector of) this effective loop cosmology phase space. This is our proposal for Immirzi transformation in loop quantum cosmology.
Finally, let us stress that the SU(1, 1) transformations are linear transformations on the su(1, 1) generators and do not affect the sl 2 Casimir, which still vanishes in the present case. At the quantum level, this will be implemented as unitary transformations on the Hilbert space of the theory and will not require to change the SU(1, 1) representation. In particular, Immirzi transformations will be unitary operators, which is a novel feature compared to previous LQC models sine it solves in this simplest framework the so called Immizi ambiguity. 5 Having in mind a possible Wick-rotation of the theory from a real BI parameter back to the original self-dual formulation theory with γ = ±i, there is actually absolutely no problem taking a complex transformation parameter η. Then, for η ∈ C, the transformation matrix Gη does not necessarily lay in the unitary group SU(1, 1), but in its complexification SU(1, 1) C = SL(2, C). For instance, in the purely imaginary case η = ±i π 2
, we have:
The corresponding rescaling of the volume and the gravitational Hamiltonian is also complex:
Note that even though the Hamiltonian constraint is now purely imaginary, this is only due to the numerical pre-factor and it actually still defines the exact same constraint.
C. The full CVH algebra and Consistent Effective LQC Hamiltonian
Up to now, we have focused on the complexifier acting on the gravitational Hamiltonian. In the case of standard FRW, as we showed in the first section, we could extend this action to the full Hamiltonian with both gravitational and matter parts.
Unfortunately, a simple glance of the Hamiltonian constraint shows that the matter part is in v −1 and does not get simply rescaled under the action of the complexifier:
This can nevertheless be fixed by realizing that the inverse volume factor should itself probably be regularized and also acquire a b-dependent correction factor. While it can seems unusual to add holonomy correction to the volume, and moreover in the matter sector, it turns out that such dependence of the volume on the connection b is also present in spherical symmetry (albeit in the gravitational sector), as discussed in details in [51] . Moreover, in the covariant effective approach to scalar perturbations in LQC, a similar correction, in spirit, is required to preserve the covariance of the perturbed geometry. Indeed, in this framework, an additional holonomy correction is introduced in the second order contribution to the matter sector of the scalar constraint, providing a deformed notion of covariance for the system gravity plus matter [52, 53] . In the present work, such holonomy corrections allow us to preserve, at the effective level, the exact structure of the classical CVH algebra (1.10), even when including matter.
The only way to get the same transformation for the gravitational Hamiltonian H g and the inverse volume term v −1 is to realize that the combination j z − k x gets rescaled by e −η while the opposite combination j z + k x gets rescaled by the inverse factor e η . Thus we introduce a modified, or regularized, volume:
It coincides with the usual volume observable as the regularization scale λ is sent to 0. But it now has a simple behavior under the exponentiated action of the complexifier exp(η{C, ·}):
This regularized volume is therefore the suitable generalization of the classical volume v which preserves the action of the regularized complexifier. It should therefore corresponds to a new set of regularized canonical variables (B, V ). It is straiforward to obtain its canonically conjugated variable B which reads
Under the exponentiated action of the complexifier exp(η{C, ·}), it transforms as
Consequently, the regularized complexifier generates indeed a canonical transformation on this canonical variables, acting by dilatation/contraction on each of them. This canonical transformation is a generalization of the classical Barbero canonical transformation (1.18) on the classical variables (b, v), which shift the BI parameter. It reduces to (1.18) in the classical limit λ → 0.
From this new viewpoint, we propose a modification of the effective Hamiltonian ansatz for loop quantum cosmology to:
with a regularization of the inverse volume factor in the matter Hamiltonian. Note that, although this new regularization can appear unusual at first, it is actually a simple rescaling of the scalar constraint, with a renormalization of the regularization scalar λ → 2λ. Indeed, we can factor out cos 2 (λb) and write:
The pre-factor cos 2 (λb) can either be re-absorbed in the lapse, so as a change of time coordinate. It does not change the solution of the constraint H reg = 0 and thus does not affect the equations of motion of physical trajectories. Note also that the classical limit λ → 0 is well-defined and one recovers the standard FRW Hamiltonian constraint and phase space in this limit of a vanishing regularization scale 6 . With this extension, the full Hamiltonian constraint, with both matter and gravitational contributions, now form a closed CVH algebra:
where we use both regularized complexifier and volume. The complexifier is again given by
The Casimir does not vanish anymore: 24) and is entirely fixed by the matter energy density. This fits perfectly with the case of the standard FRW cosmology, where the matter energy density also fixes the value of the sl 2 Casimir in (1.17). Explicitly, the generators of SU(1, 1) now read:
25)
6 Note that our regularization can be further generalized. In order to avoid divergencies at the bounce, the inverse volume term can be slightly modified as V −1 → (V + α) −1 where α is some constant different from zero. It does not change the different brackets and allows to avoid divergencies appearing at maximal density in the inverse volume term of the hamiltonian due to the cos −2 (λb). This step make our new regularization safe at the bounce.
These generators differ from their purely gravitational counterparts k x , k y , j z by their matter terms. They nevertheless still form a closed SU(1, 1) algebra, which allows to integrate the flow generated by the complexifier, but also the evolution flow generated by the Hamiltonian constraint, as Lorentz transformations. Finally, note that because we have introduced a new volume V = v cos 2 λb in the matter sector, a natural question arises. What is the relevant notion of volume we should investigate in the quantum theory : the volume experienced by the matter V or the bare gravitational volume v? Intuitively, the new volume V seems to carry more information since it is the one experienced by the matter. Indeed, we shall see that using V instead of v is indeed more suited in the quantum theory.
To summarize, we have a new proposal for a fully regularized effective Hamiltonian for loop quantum cosmology, which leads a closed CVH formula taking into account both mater and gravitational contribution to the Hamiltonian. Both the complexifier and the inverse volume factor are regularized. The CVH algebra is identified as a SU(1, 1) Lie algebra, whose Casimir is determined by the matter energy density. This group structure allows to integrate exactly the flows generated on the phase space by both the complexifier and the full Hamiltonian constraint.
III. INTEGRATING THE DYNAMICS AS A SU(1, 1) FLOW
We can use the SU(1, 1) group structure generated by the CVH algebra to integrate exactly the dynamics of these cosmological models. Indeed we can exponentiate not only the action of the complexifier but also the action of the Hamiltonian constraint as Lorentz transformations. This allows to describe the cosmological evolution as a SU(1, 1) flow.
We will proceed using two methods, which are ultimately equivalent:
• Deparametrizing the dynamics in term of the scalar field:
Using the scalar field as a clock, we solve the Hamiltonian constraint and show that the evolution of the geometry is exactly generated by the complexifier. Not only this allows to solve and integrate the equations of motion, but it also shows the cosmological evolution as a rescaling of the Barbero-Immirzi parameter and underlines the relation between dynamics and scale transformation for gravity.
• Integrating the flow of the Hamiltonian constraint:
We exponentiate directly the action of the Hamiltonian constraint, thus describing the evolution in terms of the coordinate time t defined by the choice of lapse N = 1. The trajectories v(t) and φ(t) for the geometry and scalar matter can be obtained as a null SU(1, 1) flow. Finally deparametrizing these trajectories to obtain the evolution v(φ) of the scale factor in terms of the scalar field will lead back to the same equations as in the previous method.
A. Deparametrizing the dynamics: the Complexifier as Effective Hamiltonian
Since we have one Hamiltonian constraint on a 2 × 2-dimensional phase space, it imposes both a constraint and a gauge-invariance which reduces the system to a single physical degree of freedom. In practice, we start with both pairs of canonical variables, (v, b) and (φ, π φ ), and we deparametrize the system to extract the gauge-invariant physical content of the model: we solve the Hamiltonian constraint and we compute the trajectory (v(φ), b(φ)) using the scalar field φ as a clock.
For standard classical FRW cosmology, we solve the Hamiltonian constraint (1.7) for the scalar field momentum:
We get two possible branches. We pick the positive branch for the sake of simplicity, but both branches are admissible. This gives the deparametrized Hamiltonian defining the evolution of the geometry variables (v, b) in terms of the scalar field clock φ. The moot point is that this deparametrized Hamiltonian is exactly given (up to a numerical factor) by Thiemann complexifier:
First, this means that the effective evolution of the cosmological volume in terms of the scalar matter is given by canonical transformations rescaling the Barbero-Immirzi parameter. This reflects the fact that the cosmological evolution amounts to scale transformations. Second, it implies that we can integrate the deparametrized dynamics as the flow of the complexifier C, which we have already computed in (1.18) and induces a simple rescaling of the volume and its conjugate momentum:
describing an expanding phase for the volume v, with the product C = vb kept constant along each trajectory. At φ → −∞, the volume starts at 0. It then exponentially increases. The negative branch, defined by π φ = − √ 12πG C, would describe the opposite contraction phase.
What is of special interest is that all these features straightforwardly extend to the effective regularized cosmology of LQC. Indeed, considering the fully regularized Hamiltonian constraint (2.21), with both regularized curvature and regularized inverse volume factor, we find that once again the deparametrized Hamiltonian is the regularized complexifier:
We have two branches as in the standard case. Analyzing the positive branch, the deparametrized evolution is again generated as the flow of the complexifier. This means that we can integrate the deparametrized dynamics as SU(1, 1) boosts. This method works even if we forget the inverse volume regularization and was initially developed in [48] . We have already computed the flow of the regularized complexifier on the phase space, in equations (2.14) and (2.15):
where C is a constant of motion. Since C is constant along the trajectory, we can deduce the evolution of the conjugate angle b from the evolution law of the volume:
An important feature of loop quantum cosmology is that the positive branch is already a superposition of expanding and contracting phases: as illustrated on fig.1 , as the scalar field φ grows from −∞ to +∞, the volume decreases from ∞, reaches a minimal value and then increases back towards ∞. The negative branch would give the same formulas. That the deparametrized dynamics is simply generated by the (regularized) complexifier seems to be a key insight in the theory. Mathematically, it implies that the evolution is exactly integrated in straightforward SU(1, 1) boosts. Physically, it means that the (relational) cosmological dynamic is somehow equivalent to a rescaling of the BI parameter γ, which amounts to a scale transformations of the geometry. It is tantalizing to investigate how this generalizes to the framework of full loop quantum gravity. We shall come back on this point in the discussion in section V.
B. Hamiltonian evolution as null SU(1, 1) transformations
Here we develop the second method to integrate the motion of the cosmological model, by directly exponentiating the Hamiltonian constraint. This corresponds to the evolution for the choice of lapse N = 1. It turns out that the Hamiltonian constraint is a null generator of the CVH su(1, 1)-algebra, so the trajectory are generated by null Lorentz transformations.
Let us start with the standard FRW cosmology case. The Hamiltonian constraint is:
We compute the Hamilton equations of motion generated by H:
8)
Since the Hamiltonian constraint vanishes, the dilatation C = vb is constant along a trajectory and the volume v grows linearly with the time t:
We also integrate the matter sector:
We can write the equation of motion for the volume as a Friedman equation:
where ρ is the energy density of the scalar field. Combining the two evolution laws v(t) and φ(t), we get the deparametrized trajectory, describing the evolution of the volume in terms of the scalar field time:
with two possible exponential branches. This fits perfectly, as expected, with eqn.(3.3) and our previous analysis of the deparametrized dynamics.
We can recover all this from the su(1, 1) algebra structure and derive the Hamiltonian evolution as a SU(1, 1) flow. The su(1, 1) generators are given in terms of the volume and Hamiltonian constraint:
The Hamiltonian constraint is thus a null-like element in the su(1, 1) Lie algebra. Its exponentiated action exp[−t{H, ·}] easily translates into a null SU(1, 1) transformation:
We compute the action of this SU(1, 1) transformation on su(1, 1) generators, which leads to the evolution of the volume v and dilatation K y :
where we must remember to keep the Hamiltonian constraint H 0 (0) = 0 as initial conditions for all trajectories. So the volume grows linearly with the time coordinate t and the complexifier C = K y = vb remains constant along the trajectories. And the null SU(1, 1)-flow fits exactly with the trajectories integrated by hand (3.10).
The efficiency of the SU(1, 1) framework is that the same group element G t can now be used to integrate the equations of motion for the effective Hamiltonian of loop quantum cosmology. Indeed we have the exact same SU(1, 1) structure with the same expression of the Hamiltonian constraint as a null-like su(1, 1) generator. For the usual effective Hamiltonian H, given in (2.2), this technique only allows to exponentiate the action of the gravitational Hamiltonian. Indeed the inverse volume factor v −1 appearing in the matter Hamiltonian does not belong to the su(1, 1) algebra. It affects the dynamics of the gravitational sector and precludes the integration of the Hamiltonian as a SU(1, 1) flow on the phase space.
However, this feature is entirely corrected in our new proposal for an effective Hamiltonian H reg , given in (2.21), which takes into account the regularization of the inverse volume factor. The exponentiated action exp[−τ {H, ·}] = exp[−t{K x − J z , ·}], with the normalized time (2λ) t = τ , is computed as above. Imposing that the Hamiltonian constraint is satisfied H reg = 0, we get the following trajectory:
The values of the complexifier C and the matter energy density are related to each other by the Hamiltonian constraint:
exactly as the standard FRW case. Again, the cosmological dynamic is given by the complexifier, generating the rescaling of the BI parameter. This suggests a nice interplay between the cosmological dynamic and a renormalization process of γ. This will be discussed in the last section. From there, we can compute the volume:
One can integrate for the matter field φ in terms of the time t and express this directly in terms of the regularized volume V : 20) which allows to get the (deparametrized) trajectory of the volume v in terms of the scalar field time φ:
with a mixing of the two exponential branches. And we recover the results (3.5) which we got earlier by integrating directly the deparametrized Hamiltonian: at the end of the day, the null flow generated by the Hamiltonian constraint fits with the boost flow of the (regularized) complexifier describing the deparametrized dynamics. We can go further and compute the modified Friedman equations for the regularized cosmological model:
The key point is that this derivative can vanish, when V 2 = λ 2 C 2 , or equivalently when v = 2λC. This gives a critical density:
defined simply in terms of the regularization scale. This typically signals a bounce occurring at a minimal (dynamical) volume, which depends on the matter momentum, as expected in loop quantum cosmology:
More generally, we can write the exact modified Friedman equation: 
This concludes the classical analysis and we are now ready to proceed to the quantization of the theory.
IV. QUANTIZING THE SU(1, 1) CVH ALGEBRA: BACK TO LOOP QUANTUM COSMOLOGY
We now proceed to the quantization of the cosmological phase space, focusing on the SU(1, 1) group structure provided by the CVH algebra. So we define the Hilbert space as the theory as a SU (1, 1) representation. Following the structures of the classical theory, the volume, complexifier and Hamiltonian constraint will be quantized as the su(1, 1)-generators and the SU(1, 1) representation will be chosen by the value of the Casimir given in terms of the volume gap v m and matter energy density π φ .
We will distinguish two ways to proceed. On the one hand, we can focus on the gravitational CVH algebra, thus quantize the gravitational sector separately from the matter sector: the SU(1, 1) representation will represent only the gravitational degrees of freedom. This is the usual route taken by loop quantum cosmology. On the other hand, we can take a more global point of view exploiting that the extension of the CVH algebra taking into account the matter contribution to the Hamiltonian constraint. This will encode both gravitational degrees of freedom and matter degrees of freedom mixed together right from the start in the SU(1, 1) group structure and generators.
We start by giving the Casimir equation and identify the irreducible representations of the SU(1, 1) group that we must use. Then we use coherent statesà la Perelomov to describe the cosmological quantum states, in both schemes. The complexifier will always become a Hermitian operatorĈ generating unitary transformations on the Hilbert space.
A. Selecting the SU(1, 1) representation: the Casimir equation
Unitary irreducible representation of the su(1, 1) Lie algebra are easy to describe in the standard basis diagonalizing both the Casimir operator and the compact rotation generatorĴ z . We introduce the basis states |C, m where C is the value of the Casimir operatorĈ and the integer 7 m ∈ Z gives the discrete eigenvalues ofĴ z . Then the su(1, 1)-generators are well-known to act as:
7 In fact, we have two cases, either m ∈ Z or m ∈ Z + 1 2
. Here we only consider the integer case m ∈ Z for the sake of simplicity, which actually corresponds to unitary representations of SO (2, 1) . Working with the half-integer representations would not change anything to our quantization scheme.
We distinguish two series of unitary representations. The space-like representations have a negative Casimir C < 0 and the discrete label m runs through the whole set of integers Z. We usually write C = −s 2 and these form the continuous series 8 of representations C s . The time-like representations have a positive or vanishing Casimir. The Casimir can only take discrete values, C = j(j − 1) ≥ 0 for j ≥ 1. The weights m are not allowed to run through the whole Z. We distinguish the positive discrete series D j + whose Hilbert space is spanned by the basis states with m ≥ j and the negative discrete series D j − whose Hilbert space is spanned by the basis states with m ≤ −j. Now the value of the Casimir and thus the choice of representation will depend on the details of the cosmological model. Let us start with the case of standard FRW cosmology. The CVH algebra for the gravitational sector already forms a su(1, 1) algebra whose generators are:
and the Casimir vanishes,
We would like to use a null-like representation, which can correspond either to C → 0 limit of the series of continuous representations or to the j = 1 case of the discrete series, which has a vanishing Casimir. Considering that the generator j z is always positive at the classical level, it seems natural to opt for the latter and quantize the theory using the representation D j=1 + of the discrete positive series, for which the eigenvalues ofĵ z are always positive m ≥ 1. Let us however point out that hereĵ z is not the volume operator. Now if we consider the CVH algebra extended to take into account both the gravitational and the matter sector, the generator of the su(1, 1) algebra acquire a matter term, but retain a similar definition as previously:
with a negative Casimir:
This means that the whole system gravity plus matter field should be quantized as a space-like representation from the continuous series. Let us now turn to the regularized Hamiltonians for loop quantum cosmology.
• CVH algebra for the gravitation sector:
The CVH algebra for the regularized Hamiltonian is again written as a su(1, 1)-algebra with generators: where λ is the regularization scale. The Casimir still vanishes:
where V is the regularized volume. Since the volume v should remain positive, we must choose representations from the discrete positive series D j + . The Casimir gets then naturally regularized to a positive value, C = j(j − 1) ≥ 0, where we can still get a vanishing Casimir at the quantum level for the minimal value of the spin j = 1.
Here the volume operatorv = 2λĵ z has a discrete positive spectrum 2λm with m ≥ j. This leads back to the usual framework for loop quantum cosmology, which quantizes separately the gravitational and matter sectors. We will describe in details the action of the complexifier and the definition of coherent states in the next section.
So the spin j ≥ 1 encodes the minimal value possible of the volume, which can never reach 0. It is actually possible to introduce such a minimal volume v m directly in the classical phase space, reflecting more closely the features of the quantum theory, as explained in appendix C.
• CVH algebra for the full system, gravity coupled to matter field:
We have shown earlier that the CVH algebra can be extended to the whole system by properly regularizing the inverse volume factor of the matter term of the Hamiltonian constraint, simply replacing the volume v by the regularized volume V . This allows for a homogeneous behavior of the whole Hamiltonian constraint under the action of the (regularized) complexifier. The su(1, 1) generators are defined as for the pure gravitation sector:
with a Casimir given by the matter energy density,
Thus the matter energy produces a negative Casimir and leads to a quantization using a SU(1, 1)-representation from the continuous series. Once the SU(1, 1)-representation is selected, J z , K x , K y become quantum operators acting on that representation. It is important to keep in mind that J z is not the volume v anymore, but a more complicated function involving v, b and the matter momentum π φ . So at the quantum level, it will not be straightforward anymore to identity a volume operatorv. The discrete spectrum ofĴ z now corresponds to the quantization of a more complicated observable mixing the geometry and the matter.
At this point, we have two important remarks. First, this quantization scheme involves the gravity and matter sectors at the same level, mixing them. From this perspective, a legitimate question is whether this SU(1, 1)-quantization scheme will lead back to the same quantum theory as in standard LQC. For instance, we don't get a straightforward discrete spectrum for the volume as when quantizing separately the gravity and matter sectors. Of course, the volume is not a physical observable (it does not commute with the Hamiltonian constraint) and it is not clear that the discrete spectrum of a kinematical operator stays relevant at the physical level. In fact, LQC does mix the gravity and matter sectors when solving the Hamiltonian constraints for physical states and, at the end of the day, it is likely that the Hilbert space of physical states for LQC and for our SU(1, 1)-quantization will be the same, although this explicitly remains to be checked. We postpone this to future investigation and this will be the necessary next step of this program.
Second, the matter momentum π φ is a constant of motion, since it commutes with the Hamiltonian constraint. So we can fix it and study the dynamics of the cosmological model at fixed π φ , therefore working with a single irreducible representation of SU (1, 1) . Nevertheless, if we would like to define a Hilbert space for arbitrary quantum states for both the geometry and the matter field, then we need to consider a direct sum over all those SU(1, 1) representations allowing for arbitrary wave-functions of the matter scalar field.
B. The gravitational sector: coherent states and unitary Immirzi transformations
In this section, we focus on the gravitational sector, defining the SU(1, 1)-representation encoding the CVH algebra at the quantum level, introducing the corresponding coherent states of geometry and deriving the action of the complexifier on that Hilbert space. This can be considered as the quantization of the gravitational sector, but also as the quantization of the deparametrized theory. From that latter perspective, the complexifier actually defines the dynamics of the geometry in terms of the scalar field clock.
As we have described above, we consider a SU(1, 1)-representation from the positive discrete series D j + for an integer j ≥ 1. The Hilbert space is spanned by basis states |j, m with m ∈ N, m ≥ j. The su(1, 1)-generators allow to define the quantum operators corresponding to the volume, the complexifier and the gravitational Hamiltonian:
We also define the regularized volume operatorV = λ(ĵ z +k x ). These are all Hermitian operators since we are working with a unitary representation of SU(1, 1). In particular, both the complexifier C and the gravitational HamiltonianĤ g generate unitary transformations. Moreover the volumê v has a discrete spectrum 2λm with a minimal non-zero volume 2λj. The Casimir operator is constant on each representation and its value depends only on the value of j:
It is possible to define coherent statesà la Perelomov [48] . These will be the coherent states for the geometry in LQC:
Those coherent states are labelled by a spinor z ∈ C 2 , whose components z 0 and z 1 are arbitrary complex numbers. The states are well-defined as long as |z 0 | > |z 1 | and their norm is:
The key property of those states is that they are covariant under SU(1, 1) transformations, meaning that a finite SU(1, 1) group element acts on the quantum state |j, z by acting directly on its spinor label as a 2×2 matrix:
Moreover these coherent states are semi-classical states with minimal spread [48] and we know the expectation values of the su(1, 1) generators 9 . This allows to compute the expectation value of the volume operator,
as well as of the regularized volume operator, complexifier and gravitational Hamiltonian:
These expectation values also satisfy a semi-classical Casimir equation, which almost matches the exact quantum Casimir formula (4.7) up to a sub-leading term:
Using the transformation law of the coherent states under the SU(1, 1)-action, we can exponentiate exactly the action of the complexifierĈ. This gives unitary transformations, implementing shifts in the BI parameter at the quantum level. Immirzi transformations for a real parameter η ∈ R are given by pure boosts, as in the classical theory:
where one should pay special care to taking the complex conjugate of the second component of the spinor z. This action of the complexifier at the quantum level does not change the representation j and so does not affect the volume gap. Moreover the flow induced on the spinor z keeps L = (|z 0 | 2 − |z 1 | 2 ) fixed, as well as (z 0z1 − z 0 z 1 ), which corresponds to the fact that the action of W η = e iηĈ as a unitary operator leaves invariant both the norm of the coherent state j, z|j, z and its expectation value Ĉ given by (4.13). 9 We can compute the expectation values of the su(1, 1) generators by straightforward calculations:
Not only does this give the flow generated by the complexifier as a SU(1, 1) boost action on the Hilbert space, but this describes the cosmological evolution of the geometry in terms of the scalar field clock in the deparametrized formulation. To make this more explicit, we can actually retrieve the value of the scalar field momentum π φ from the coherent state data z. The matter energy density does not come in the gravitational part of the Hamiltonian constraint, but balances it out in the full Hamiltonian constraint:
So the natural proposal recovers π φ from the expectation value V Ĥ g given by (4.12) and (4.14) and set at the quantum level:
Since −2 V Ĥ g = j 2 + Ĉ 2 is constant along the orbits generated by action ofĈ, this is indeed a consistent definition: the scalar field momentum π φ remains constant during the (deparametrized) cosmological evolution as expected. This also clarifies the classical interpretation of the spinor label of the coherent states. Out of the four real components of z ∈ C 2 , we can remove the norm L which is simply a normalization factor and we are left with three components that determine the semi-classical values of the volume v, the complexifier C, the gravitational Hamiltonian H g and the scalar field momentum π φ , which are all related by the Hamiltonian constraint H (reg) = 0.
We conclude with two remarks. First, the volumev has a discrete spectrum. It does not simply get rescaled under the action of the complexifier:
The initial volume operatorsv and the Immirzi-shifted volume operatorv η still have the same spectrum, and in particular the same minimal eigenvalue, i.e. the volume gap is not affected by the action of the complefixier. However they do not commute anymore: the exponentiated action of the complexifier does not send a volume eigenstate onto another volume eigenstate. On the other hand, the regularized volume operatorV has a continuous spectrum and does get simply rescaled under the action of the complexifier:
A second remark concerns which Hamiltonian constraint to use. Here we have focused on the regularized Hamiltonian H reg which uses the regularized inverse volume factor V −1 in the matter term. We have seen above that it this is fully consistent with the action of the complexifier as deparametrized Hamiltonian for the cosmological evolution. We could also follow the usual procedure used in LQC to keep the standard inverse volume factor v −1 in the Hamiltonian constraint and define a Hamiltonian constraint operatorĤ by defining an inverse volume operator v −1 at the quantum level. This is easily done, without any ambiguity, since the volume operator is Hermitian with a strictly positive discrete spectrum. Nevertheless, this would break the elegant relation between the Hamiltonian constraint for coupled gravity and matter and the deparametrized Hamiltonian given by the (regularized) complexifier and we believe this relation to have a deep fundamental meaning.
C. Coupled geometry and matter: Solving the Hamiltonian Constraint
In this last section, we describe the quantization of the coupled gravity+matter system as a SU(1, 1) representation. The CVH algebra is extended to take into account the whole Hamiltonian constraint with both gravity and matter terms. The main goal here is to investigate the consequences of including the matter term and in particular to understand how to deal with a space-like SU(1, 1)-representation from the continuous series.
The su(1, 1)generators are given by:
Both J z and K x contain a matter term. In particular, J z is not simply the volume v anymore, it depends also on its conjugate angle b and on the scalar field momentum π φ :
The su(1, 1)-Casimir is now negative and its numerical value depends on π φ :
At the quantum level, this selects the SU(1, 1)-representation from the continuous series C s , such that the label s is given by the scalar field momentum, s 2 = π 2 φ /12πG. The eigenvalues ofĴ z are unbounded and the Hilbert space is spanned by states |s, m with m ∈ Z. So we do not get a discrete spectrum for the volume v. Actually it is not clear how to define an operatorv, since the generator J z already contains a combination of v and b. The complexifierĈ =K y is Hermitian and generates unitary transformations on the Hilbert space, without changing the representation label s.
In this context, it is possible to define SU(1, 1)-coherent states (i.e. that transform covariantly under the SU(1, 1)-action) for those space-like representations using a spinorial reformulation, to similarly the construction already done for time-like representations in [48] and used above for the quantization of the gravity sector. The interested reader can find the relevant spinorial realization of the su(1, 1)-algebra in appendix B 3. This would provide semi-classical states transforming in a straightforward fashion under the exponentiated action of the complexifierĈ and of the Hamiltonian constraintĤ reg . But here, we are more interested in identifying physical states, satisfying the Hamiltonian constraint H reg = 0. This means finding states |φ , satisfying (K x −Ĵ z ) |φ = 0. Decomposing such a state on the m-basis, |φ = m φ m |m , leads to a second order recursion relation on its coefficients:
or explicitly,
So we get a two-dimensional space of physical states satisfyingĤ reg |φ = 0, labeled by the initial conditions φ 0 and φ 1 . We could also look for physical states in the continuous basis of eigenstates of the generator K y , which diagonalizes the complexifierĈ (see e.g. [54] for details). An important feature of the quantum theory is thatĈ commutes with the Hamiltonian constraint on physical states:
which means thatĤ
SoĈ also acts on the space of physical states. This is the quantum counterpart of the classical fact that C is constant along trajectories.
We have therefore obtained a clean quantization which self-adjoint operators representing both the Hamiltonian constraint and the complexifier and thus generating unitary flows on the Hilbert space. A second step should be to investigate how to deparametrize the quantum theory and extract semi-classical trajectories. In particular, defining a suitable Dirac's observable for the volume and compute its spectrum would complete the study of this model. We will address those crucial questions in a next paper.
V. DISCUSSION
In this work, we have studied the Immirzi generator C in cosmology at both classical and quantum levels, as well as the CVH Poisson algebra it forms with the volume and the Hamiltonian scalar constraint. The interest in considering the CVH algebra is that it exhibits a su(1, 1) Lie algebra structure which encodes several properties of the classical theory. Of particular interest for us is that it encodes the fact that the BI parameter is not a physical parameter at the classical level, since the scalar constraint is simply globally rescaled under the Immirzi generator flow, i.e. {C, H} = −H. Moreover, because of its su(1, 1) Lie algebra structure, it provides a suitable structure for a group quantization, free from factor-ordering ambiguities. Finally, the CVH algebra refers to the full theory, gravity plus matter. Thus, preserving this structure in the quantum theory provides a quantization scheme free from factor ambiguity and in which the BI parameter can be rescaled freely without affecting the dynamics and the physical predictions, i.e. here the Immirzi ambiguity disappears.
It is nevertheless important to keep in mind that our framework distinguishes the BarberoImmirzi parameter γ, resulting from the canonical transformations generated by the complexifier, from the regularization scale λ entering the Hamiltonian constraints. This is the main difference with the standard formulation of loop quantum cosmology, in which these two parameters are identified. Here, on the contrary, the regularization scale λ is a physical parameter, while the Barbero-Immirzi parameter γ is shifted by unitary transformations which do not affect λ.
More precisely, we have presented a new LQC-inspired model which preserved the structure of the CVH algebra. In order to do so, we have generalized the regularization procedure of standard LQC. We have introduced a regularization of the complexifier, as well as a regularization of the inverse volume factor, in order to keep a closed CVH algebra. This regularization mostly account for updating the connection to a holonomy in the expression of the complexifier, which is consistent with the prescription used for the Hamiltonian constraint. As a consequence, the regularized volume factor also inherits a correction term depending on the connection b. In this context, one can proceed to the group quantization of the model. It results in a quantum theory where the transformations generated by the regularized Thiemann complexifier are unitary,. This means that the BI parameter can be rescaled through unitary transformations, thereby solving the Immirzi ambiguity in this very simplified quantum mechanical model.
Preserving the classical CVH algebra structure allows also to export some appealing properties of the classical theory in our new LQC model. Indeed, at the classical level, the deparametrized cosmological evolution, with respect to the scalar field, is given precisely by the complexifier. Our new regularization preserves this feature in the effective theory as well as in the quantum theory. The fact that the relational cosmological evolution can be generated by the generator of geometry rescaling suggests that there is an interplay between the scale transformations of the geometry, and the dynamics as seen from the relational clock, if not an identification. This observation begs the question concerning the role of the extrinsic curvature as a generator of the dynamics in symmetry reduced loop models and more generally in LQG, as already noticed for Gowdy models in a specific gauge as shown in [56, 57] .
Another important point of our framework is that the CVH algebra and the SU(1, 1) structure it generates allows to integrate exactly the action of the Hamiltonian constraint and of the complexifier, at the classical and quantum levels. This must necessarily be compared to the existing exactly solvable version of loop quantum cosmology, as introduced in [55] . The main difference is the regularization of the complexifier and of the inverse volume factor. It is true that the Hamiltonian constraints only differ by a overall factor. This modification, which can be re-absorbed in the definition of the lapse and thus can not change the physics at the classical level, nevertheless affects slightly the quantization of the constraint and allows to get rid of all factor ordering ambiguities under the condition that the CVH algebra is preserved at the quantum level. We can summarize these differences in the Let us come back to the Immirzi ambiguity. The main result on this issue is that, thanks to the su(1, 1) structure of the CVH algebra, one can build a LQC-inspired model where the BI parameter doesn't play any physical role in the quantum theory. In particular, it should not be understood as a new fundamental constant of the model. The Barbero canonical transformation can be mapped to a unitary transformation at the quantum level in this construction, solving thus the Immirzi ambiguity present in standard LQC. While our quantization refers to a very simplified (quantum mechanical) cosmological system, the result obtained within this framework provides a first hint on the status of the Barbero-Immirzi parmeter. Whether this conclusion can be generalized to more complex systems, such as the loop quantization of spherical symmetric space-time or isolated horizons need to be investigated. We plan to address those questions in future work.
Finally, we have seen that the CVH algebra represents a powerful structure which allows a straightforward quantization of the homogenous and isotropic loop phase space. It would be particularly interesting to investigate this structure beyond homogeneity, at the level of the cosmological perturbations. Indeed, the treatment of the cosmological perturbations in LQC has been developed along two very different lines, the deformed algebra approach [58] and the dressed metric approach [59] . While the former is purely effective, the second provides a quantum theory of the perturbations over a quantum background, an effective description being derived from it. If the CVH algebra structure survive the truncation at second order, one could investigate the holonomy corrections required to preserve its classical structure, similarly to what we have done at in section II. It could potentially provide a starting point for a group quantization of the deformed algebra approach to the cosmological perturbations in LQC and allow to investigate at the quantum level the special features arriving from this covariant approach, such as the signature change phenomenon. See [60, 61] for details on this point. Yet, if the CVH algebra fails to close beyond homogeneity, it could signal interesting sign of conformal anomalies. We leave this idea for future investigations.
Moreover, the framework developed in this paper represents also a suitable formalism to apply the Wick rotation program proposed in [3] to LQC, from the standard Ashtekar-Barbero to the self dual initial formulation. Since this idea motivated initially the work presented here, let us briefly mention the reasons for developing the self dual version of LQC. Recent investigations have shown that the standard strategy used in polymer quantization of symmetry reduced loop models can lead to inconsistencies, due to the introduction of holonomy corrections. While symmetry reduced model without local degrees of freedom exhibit a generic deformed notion of covariance [62, 63] , the holonomy corrected models with local degrees of freedom present anomalies and fail to be covariant. Those no go results were worked out in [64] for spherically symmetric model coupled to matter, and in [65] for polarized Gowdy model. They provide strong obstructions to the development of symmetry reduced loop models with local degrees of freedom, and in particular to black hole models and to the study of Hawking radiation in such models [66] . However, all those conclusions were derived within the Ashtekar-Barbero formulation. Even more recently, it was shown that those obstructions disappear when working within the initial self dual formulation. In such self dual symmetry reduced loop models, the holonomy corrected hypersurface deformation algebra reproduces without deformation its classical counterpart, both for model without or with local degrees of freedom [67, 68] . It indicates therefore that self dual variables are better suited to preserve covariance in presence of holonomy corrections in such models. In particular, it has been shown in [68] that the inhomogenous self dual LQC model does not suffer from the signature change deformation present within the Ashtekar-Barbero formulation. Because of this recent observation, it is crucial to develop the self dual version of LQC, and investigate its inhomogeneous extensions, since it provides an inequivalent approach to the cosmological perturbations in LQC, with potentially different predictions. For the different reasons advocated here, developing the self dual version of LQC is mandatory and the formalism developed in this paper represent the natural framework for this purpose. One could then compare the model obtained with the existing proposals in the literature such as [69] [70] [71] .
Appendix A: The CVH algebra of classical General Relativity
In this section, we compute the CVH algebra in full General Relativity. In term of the AshtekarBarbero variables, General Relativity can be formulated as an SU(2) gauge field theory. This phase space is coordinatized by the two conjugated variables, the Ashtekar-Barbero connection A i a dx a and its momentum, the densitized electric field E a i ∂ a , which admit the following Poisson bracket 
Those variables are build from the tetrad field e i a dx a , the extrinsic curvature K i a dx a and the rotational spin connection Γ i a dx a as 
The canonical variables (A i a , E b j ) are subject to seven first class constraints (after canonical analysis and having solve the second class constraints showing up in the process) given by the Gauss constraint G i , the (spatial) diffeomorphism constraint H a and the scalar constraint H enforced respectively by the lagrange multipliers A i 0 , N a and N
It is interesting to consider the euclidean and Lorentzian contribution to the scalar constraint separatly. We introduce thus the notation
The spin connection turns out to be related to the electric field E a i by the following expression
Let us now introduced the following functions on the phase space
A useful bracket for our purpose is given by
Let us now compute the (CVH) algebra generated by the three phase space functions introduced above. The brackets read
This the CVH algebra of classical General Relativity.
We can generalize this analysis to the case of a non-vanishing Casimir = 0. Let us consider = (2λ) −1 v m > 0. The case < 0 can be treated similarly. We take the exact same definition for the volume v and the phase b, which still form a canonical pair of variables which commute with . However, the expression of the complex variables changes slightly to accommodate the difference in norms:
which leads to the following expression for the su(1, 1) generators:
This provides the regularization of the (v, b) phase space to account for the existence of a minimal volume v m at the kinematical level and its embedding in the su(1, 1) phase space.
3. Space-like Representations of SU (1, 1) Let us look into the deformation of the su(1, 1) generators due to the matter Hamiltonian. Start with su(1, 1) algebra generators  and define new generators:
In our framework for cosmological models, the initial Casimir j 2 z −k 2 x −k 2 y vanishes, so a positive β > 0 produces a negative su(1, 1)-Casimir, leading to a space-like representations. We can introduce the following presentation of su(1, 1) in terms of spinors, which allows for space-like representations and which is different from the one used for time-like representations:
Canonically quantizing the two complex variables, {z 0 ,z 0 } = {z 1 ,z 1 } = −i, as a pair of harmonic oscillators allows to recover all the space-like SU(1, 1)-representations C s , which have a negative Casimir. The operatorĴ z becomes half the difference of energy between the two oscillators, it has a discrete spectrum and its eigenvalues runs on all possible positive and negative half-integers m ∈ Z/2. Using this spinorial formulation would allow to define SU(1, 1)-coherent states for those space-like representation, similarly to what has been developed for the time-like representation (from the discrete series) in [48] . the full theory only at the kinematical level, and using it at the dynamical level in a symmetry reduced model as LQC can be questionable. On the contrary, in our approach, the minimal volume is introduced through an additional step in the regularization leading to the effective phase space to quantize. In the present framework, we have imported no ingredient from the full LQG theory and focused on the regularized phase space for cosmology on its own, exploring its ambiguities and consistent extensions. As a result, the Barbero-Immirzi parameter γ, the regularization scale λ and the minimal volume v m are a priori independent and their effect and physical relevance can be studied separately.
What is especially interesting in this approach is that the sl 2 Casimir now gets opposite contributions from both regularizations by λ and v m :
This Casimir equation shows a competition between quantum gravity effects and the matter sector which determine the Hilbert space to use for the quantum theory. It is a remarkable fact that both gravity and matter sectors are involved at the same fundamental level in the construction of the quantum theory. Depending on the relative values of v m and π φ , the Casimir will be either positive or negative, thus leading respectively to a choice of time-like or space-like representation. Mathematically, both are possible. Physically, the minimal volume will be at the Planck scale and thus the matter energy will dominate the expression, thus giving a negative Casimir and leading to a quantization using a representation of the continuous series. The formula for the Casimir (4.5) suggests that there may be a more general underlying SL(2, C) structure to elucidate. Indeed, the Casimir for SL(2, C)-representations is C sl(2,C) = 1 2 (n 2 − ρ 2 − 4) where n ∈ Z + and ρ ∈ R. Matching this against our formula, it is tempting to identify the volume v m as the discrete contribution to the sl(2, C)-Casimir n 2 , while the continuous negative term −(ρ 2 + 4) would correspond to the matter contribution. Such a SL(2, C) complexified structure would be likely also very relevant to a Wick-rotation to imaginary values of the BI parameter.
